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DIRECTED GRAPHS AND TRAVELING WAVES
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ABSTRACT. The existence of traveling wave solutions for equations of the form
u, = u,, + F'(u) is considered. All that is assumed about F is that it is sufficiently
smooth, lim,, _, , F(#) = —oo0, F has only a finite number of critical points, each of
which is nondegenerate, and if 4 and B are distinct critical points of F, then
F(A) # F(B). The results demonstrate that, for a given function F, there may exist
zero, exactly one, a finite number, or an infinite number of waves which connect two
fixed, stable rest points. The main technique is to identify the phase planes, which
arise naturally from the problem, with an array of integers. While the phase planes
may be very complicated, the arrays of integers are always quite simple to analyze.
Using the arrays of integers one is able to construct a directed graph; each path in
the directed graph indicates a possible ordering, starting with the fastest, of which
waves must exist. For a large class of functions F one is then able to use the directed
graphs in order to determine how many waves connect two stable rest points.

1. Introduction. This paper is concerned with proving the existence of traveling
wave solutions of the equation

(1.1) u, = uy, + f(u).

This equation arises in various branches of mathematical biology including popula-
tion genetics, ecology and nerve conduction (see [1]). For most of the paper it will be
more convenient to assume that f(«) = F’(u). All that we assume about F is that:

(a) FeC*(R),
(b) lim, ., F(u)=-co,
(1.2) (c) Fhas only a finite number of critical points,
(d) every critical point of F is nondegenerate, and
(e) if 4 and B are distinct critical points of F, then F(A) # F(B).

By a traveling wave solution of (1.1) we mean a nonconstant, bounded solution of
the form u(x, t) = U(z), z = x + 0t. These correspond to solutions which travel
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810 DAVID TERMAN

with constant shape and velocity, the velocity being 6. If U(z) is a traveling wave
solution of (1.1), then U satisfies the first order system of ordinary differential
equations

(1.3) u=rv, V=6V - F(U).

For boundary conditions we assume that

(1.4) lim (U,V)=(4,0) and Ilim (U,V)=(B,0),
z—= -0 z—> + o0

where A and B are values where F assumes a local maximum. We are interested in
these boundary conditions because the values where F assumes a local maximum
correspond to the stable rest points of the partial differential equation (1.1). The
traveling waves which connect stable rest points are, therefore, the ones of more
physical interest. It now becomes convenient to make the following definition.

DerINITION. If (U,V) is a solution of (1.3) and (1.4), then U is an 4 —» B
connection.

We assume throughout this paper that the speed @ is positive. This simply means
that we consider only waves which move to the left. Note that if U(x,t) is a
traveling wave solution moving to the left with speed 8, then U(-x, t) is a traveling
wave solution moving to the right with speed -6.

The assumption § > 0 implies that if U is an 4 — B connection, then F(A4) <
F(B). To see why this is true consider the function

(1.5) H(U,V)=V2/2+ F(U).

Using (1.3) one finds that

(1.6) dH(U,V)/dz = V2.

Hence, 6 > 0 implies that H is increasing on solutions of (1.3). When z = —co,

H(U,V) = F(A), while, when z = + 00, H(U, V') = F(B). Hence, F(A) < F(B).

The case when F(U) has exactly two local maxima has been considered by a
number of authors (see [1] for references). In this case F'(U) has the familiar cubic
shape. Some work on the multistable case has been done by Fife and McLeod [2].
Fife and McLeod also considered the stability of traveling wave solutions. They
showed that the monotone waves which connect stable rest points are stable. Hagan
[3] also considered the question of stability. He proved that the nonmonotone waves
which connect stable rest points are unstable.
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FIGURE 1. Notice that the local maxima of F are ordered according to the height determined by F.
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The (U, V') phase plane is the natural place to study the solutions of system (1.3).
In the phase plane, the local maxima of F correspond to saddles, while traveling
wave solutions correspond to trajectories which “connect” the saddles. One can only
expect saddle-saddle connections to exist for special values of the speed 6. One of
the difficulties in proving the existence of traveling wave solutions is that one does
not know, a priori, what the speeds of the waves are. '

The problem with phase plane analysis is that the phase planes become much too
complicated for a general function F. To illustrate the approach we take, let F be as
shown in Figure 1. We suppose that there are four values of U, say 4, B, C and D,
where F assumes a local maximum. Assume that 4 < B < C < D and F(D) > F(A)
> F(C) > F(B). Notice that in Figure 1, we ordered the critical points according to
the height determined by F. That is, we assign to the critical points 4, B, C and D,
the integers 3, 1, 2 and 4, respectively. Unless stated otherwise we always order the
local maxima of F in this manner. Our description of how many traveling waves
exist shall be in terms of this ordering. Two functions which satisfy the conditions
(1.2) are said to be in the same equivalence class if they have the same ordering of
their local maxima. Hence, given a positive integer n, each permutation of the set
{1,2,...,n} determines a unique equivalence class of functions.

The first step in analyzing the problem is to consider the phase plane when 8 is
very large, say 6 = @, If 6, is sufficiently large, then the phase plane looks,
qualitatively, like what is illustrated in Figure 2(A). As @ approaches + oo the
unstable trajectories (those trajectories which approach a saddle in backwards time)
become increasingly vertical, while the stable trajectories (those trajectories which
approach a saddle in forwards time) become increasingly horizontal. These state-
ments shall be made more precise in a later section. In Figure 2(B) we show the
phase plane for 8 = 0.

The next step is to start decreasing 6 from 6,. As 8 decreases, the phase plane
changes in a continuous manner, at least until the first saddle-saddle connection is
reached. Because we are starting from 6 very large, the first saddle-saddle connection
corresponds to the fastest traveling wave. There are different possibilities for what
the fastest wave may be, depending upon the specific nature of the function F.
However, by comparing the phase plane for § = 6, with that for # = 0 one is able to
determine all the possibilities for the fastest wave. For a function in the equivalence
class shown in Figure 1, these possibilities are the 1 -3, 1 -2 and 2 - 4

A) PV B) Vv

I

FIGURE 2. Phase planes for system (1.2), where F is as shown in Figure 1. In (A), the speed  is very large
and, in (B), 8 = 0.
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connections. Of course, which one of these waves is the fastest wave depends on the
specific function F.

After the fastest connection has taken place, the qualitative features of the phase
plane changes. This is shown in Figure 3. We now decrease 8 further and determine,
by comparing the new phase planes with the phase plane at 8§ = 0, all the possibili-
ties for the second fastest wave. For example, if the fastest wave corresponds to a
1 — 3 connection, then the possibilities for the second fastest wave correspond to
2 - 3,1 - 2 and 2 — 4 connections. A similar statement can be made if the fastest
wave corresponds to eitheral — 2 or 2 — 4 connection.

Continuing in this manner we construct a directed graph as shown in Figure 3.
This graph describes all the possible orderings, starting with the fastest, of which
connections can take place. Each particular function F determines a path in the
directed graph; the path indicates the fastest wave, second fastest wave, etc. Our
immediate goal is to be able to construct and understand this directed graph.

One approach to constructing the directed graph would be to draw a lot of phase
planes. This would be very tedious, if not impossible, because the phase planes
become very complicated. Our approach is to assign to each phase plane an array of
integers; the idea being that while the phase planes may be very complicated the
arrays of integers will be quite simple. The arrays of integers will contain all the
information needed about each phase plane in order to construct the directed
graphs. Note that in order to construct a directed graph we must be able to do two
things. First of all, given a particular phase plane, we must be able to determine all
of the possibilities for the next fastest traveling wave. Hence, we need a scheme
which tells us how to determine these possibilities by just considering the array of

® LARGE

DECREASE ®

V
3//1/2/ 4 a/u
2= / |-—21 z—n\ 1-7/ 2-»4\ |-:/ \l-—a
ety NS A~ lata o d AS P

NAVAYIN AR

FIGURE 3. The directed graph for the equivalence class of functions shown in Figure 1.
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integers corresponding to the phase plane. Secondly, the qualitative features of the

phase plane change after a particular connection has taken place. Hence, the array

of integers might also change after a connection. Therefore, we need an algorithm

which describes how to change the array of integers after a connection has occurred.
In the next section we show how to:

(a) assign an array of integers to each phase plane
(1.7) (b) determine what the possibilities are for the next fastest wave
by just considering the array of integers, and
(c) change the array of integers after a connection has taken place.

These operations are described in a series of propositions. Preliminary results needed
for the proofs of the propositions are given in §3. The actual proofs are given in §4.
In §5 we shall see that the directed graphs may be very complicated. A technique is
developed to simplify the graphs so that the task of determining how many waves
exist becomes much easier. Finally, in §6 we demonstrate how the directed graphs
are used to determine the number of connections between two fixed critical points.
We state explicitly for which functions F the directed graphs may be used to
determine whether zero, exactly one, a finite number, or an infinite number of
connections exist between two critical points.

Before proceeding we introduce some notation. By a critical point we shall always
mean a value of U at which F assumes a local maximum. The letters 4, B, C, D and
E will always be critical points. We let 4 = (4,0). This denotes the saddle in the
phase plane corresponding to the critical point A. Recall that the critical points of F
are ordered according to the height determined by F. Hence, to each critical point
there corresponds an integer. We denote the integer corresponding to A by A*.

To each saddle 4, and 8 > 0 there corresponds two unstable trajectories. We
denote these trajectories by A,g(z, 0) and Ag, (z, 6). To emphasize the U and V
coordinates of these trajectories we let

Ang(z,0) = (AINE(Z’ 0), Aye(z, 9))

and

Asw(z’o) = (A}s*w(z’ 0)’A§w(z9 0))

Aynp(z,0) has the property that lim, , _A,z(z,0) = A and, for z sufficiently
negative, A% (z,0)> A and A3.(z,0)> 0. Ag,(z,60) has the property that
lim,,_  Asy(2,0)=A4 and, for z sufficiently negative, 4., (z,0)<A4 and
A%,(2,0) <0.

We denote the stable trajectories of 4 by Ay, (z,8) and A, (z, 8). These have
the property that

lim Ay, (z,0)=A= lim Ag,(z,0)
2= +o00 z— +o00

and, for z sufficiently large, A%, (z,0) < A, A%,/(z,6)>0, A .(z,0)> A and
A2.(z,8) < 0.
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2. Rules for constructing the directed graphs. The simplest way to illustrate how to
perform the operations described in (1.7) is with a specific example. Suppose that F
is in the equivaience class of functions illustrated in Figure 1, and when 8 = §, the
phase plane is as shown in Figure 4. Only the unstable trajectories are shown in
Figure 4 because, in order to perform the operations described in (1.7), that is all we
need to know. As usual we have ordered the saddles according to the height
determined by F.

We now describe how to construct the array of integers corresponding to the
phase plane shown in Figure 4. The first step is to draw a big rectangle % around all
of the rest points. In the next section we show that % can be chosen so that all of the
connections, for all values of 8, lie inside of it. It is also shown in the next section
that # can be chosen so that the unstable trajectories can only leave % through either
its top or bottom sides. The next step in assigning an array of integers to the phase
plane is to locate those points on the top and bottom sides of # which lie on one of
the unstable trajectories. It is possible that one of the unstable trajectories crosses
the boundary of # more than once. We only consider those points on the boundary
of # which correspond to the first time that an unstable trajectory leaves #. To each
one of these points there corresponds an integer; the integer corresponds to the
saddle on whose unstable trajectory the point lies. We now have two lists of integers.
One is associated with the top side of %, and the other to the bottom side. For the
example shown in Figure 4 the two lists are {3,1,4} and {3,2,2,1,4}. Combining
these two lists we obtain
314
(2.1) 32214°
This is the desired array of integers!

The following two propositions demonstrate how one determines, from the array
of integers, the possibilities for the next fastest traveling wave solution, and how this
information is used to conclude the existence of traveling wave solutions. Proposi-
tion 2.1 states that each possibility for the next fastest wave must occur, although
not necessarily as the next wave. This result restricts the possible paths that can be
taken for a given F(U).
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FIGURE 4. The array of numbers associated with this phase plane is
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PROPOSITION 2.1. Suppose that the array corresponding to a given phase plane,
which occurs with speed 8, is

T, --- T,
BB, --- B,

n

(2.2)

If, for some k, T, < T, ., then there exists a T, = T, ., connection for some 6 < §,.
If, for some k, B, > B, . ,, then there exists a B, ., = B, connection for some § < §,.

PROPOSITION 2.2. The connections described in Proposition 1.1 are all of the
possibilities for the next fastest wave. That is, suppose that there exists an A — B
connection with speed 8, such that 0, < 6, and there do not exist any connections with
speed 8 € (0,,60,). Then there exists an integer k such that either A* = T, and
B*=T,,,,orA* = B, ,,and B* = B,.

Let us apply these two propositions to the phase plane shown in Figure 4.
Considering the array (2.1) we find that the possibilities for the next fastest wave
correspond to 1 — 4,2 — 3 and 1 — 2 connections. Note that a 1 — 3 connection
may or may not exist for some 6 € (0, §,), but it cannot correspond to the next
fastest wave. Furthermore, 1 — 4, 2 — 3 and 1 — 2 connections must all exist for
some speeds less than 6.

We now need an algorithm which tells us how the array changes after a
connection has taken place. This algorithm is described in the next proposition. For
this proposition we assume that the array is known for some value of the speed, say
0 = 6,. We also assume that there exists §, < 6, such that no connections exist with
speed 6 € (8, 0,), and an 4 — B connection exists with speed 8,. For now, we
assume that there is only one connection with speed 6,. After the proof of
Proposition 2.3 in subsection 4(B) we discuss what happens if there exists more than
one wave with the same speed. Note that there must be two B’s in the array since to
each saddle there corresponds two unstable directions. Of course, there are two A’s
also, but the ‘other A4’ will play no role. In the proposition we consider two cases
depending on whether the ‘other B’ is on the top or the bottom of the array.

PROPOSITION 2.3. If the other B is on the top, then after the A — B connection
everything in the array remains exactly the same except that the A is moved to the
immediate right of the other B. If the other B is on the bottom, then after the A - B

connection everything in the array remains exactly the same except that the A is moved
to the immediate left of the other B.

Here are two examples of what may happen:

AB---B--- A>B --- B-.. BA

(@) =

.AB... A—>B ...B...
- AB -

® -
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Applying this proposition to the phase plane shown in Figure 4 we obtain the
following portion of the graph:

314
32214
1-4y l2-3 N1-2
34 3214 314

322114 3214 31224

This completes our description of how to perform the three operations described
in (1.7). However, it remains to demonstrate how one begins the directed graph.
That is, the directed graph is generated by a particular array. This array corresponds
to the phase plane when the speed 8 is very large. To determine this array we use the
fact, which will be proved in the next section, that when 8 is very large, the unstable
trajectories are nearly vertical. Hence, if the ordering of the saddles is 4,, 4,,...,4,,
then the generator of the graph is the array

AA, - A,
AA, - A,
For example, if F is in the equivalence class of functions shown if Figure 1, then the
graph starts with the array
3124
3124°

Propositions 2.1, 2.2 and 2.3 are proved in §4. We now demonstrate, with a
specific example, how the propositions are used to construct an entire directed
graph, and how the graph is used to prove the existence of traveling wave solutions.

Consider a function F which is in the equivalence class of functions shown in
Figure 5.

Using the directed graph we prove the following theorem.

THEOREM 2.1. (a) There exists a unique 2 — 3 connection.
(b) There exists a finite number of 1 — 3 connections.
(c) There exists an infinite number of 1 — 2 connections.

By a finite (infinite) number of 4 — B connections we mean that there exists a
finite (infinite) number of speeds 8 for which there exists a solution of (1.3) and
(1.4). In Proposition 2.4, it is shown that if there exists an infinite number of
connections, then the speeds of these waves must satisfy lim, _, 6, = 0.

We assume throughout that Theorem 2.1(a) is true. The cxistence of a 2 — 3
connection can be proved using a simple shooting argument, comparing the phase

F(U)

1 1
72 1 3\ v

FIGURE 5. For the equivalence class of functions shown here there exists an infinite number of 1 — 2
connections, a finite number of 1 — 3 connections, and precisely one 2 — 3 connection.
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plane for @ very large with the phase plane when 8 = 0. The existence and
uniqueness of a 2 — 3 connection also follows from our later results.

To prove Theorem 2.1(b) and (c) we consider the graph corresponding to the
equivalence class of functions shown in Figure 5. Note that the graph is generated by
the array

213
m .
The rest of the directed graph is constructed using Propositions 2.1-2.3. It is shown
in Figure 6.
Note that the function F determines a path in the directed graph shown in Figure
6. What we know about the path so far is that it must start at the node

213

213’
obey the arrows, and eventually cross an edge which corresponds to a 2 — 3
connection. Note that there is only one edge which corresponds to a 2 = 3
connection in the entire directed graph. Hence, the path corresponding to F must
eventually be at the array

3
21123

Once the path reaches this array, its only choice is to go around the loop in Figure 6
corresponding to a 1 — 2 connection. According to Proposition 2.1 the path can
never stop. It is forced to go around the 1 — 2 loop an infinite number of times.
This implies that there must exist an infinite number of 1 — 2 connections. We shall
see later that the number of 1 — 2 connections is countably infinite. If the speeds of
these waves are {6, }, then lim,_, 60, = 0. In fact, we shall prove the following
proposition.

PROPOSITION 2.4. For any F which satisfies (1.2) and any 6, > 0, there can exist at
most a finite number of connections with speeds greater than 6,.

This last statement is used to prove Theorem 2.1(b). The 2 — 3 connection must
occur with some finite speed, say 8,. There certainly are not any 1 — 3 connections

FIGURE 6. The directed graph associated with the equivalence class of functions shown in Figure 6.
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with speeds less than @, because then we are caught in the 1 — 2 loop. Since there
are only a finite number of waves with speeds greater than §,, there can exist at most
a finite number of 1 — 3 connections.

3. Preliminary results.

(A) Phase plane for 8 = 0. Recall from (1.5) and (1.6) that the function H(U, V') =
V2/2 + F(U) is constant on solutions when 8 = 0. Therefore, if, on a particular
trajectory, H(U,V) = K, then the curve in the phase plane traced out by the
trajectory is explicitly given by the formula

(3A.1) V=+{2(K~- F(U))}'".

Suppose that the critical points 4 and B satisfy 4 < B and F(A) < F(B). It then
follows that A, .(2,0) = Agg(2,0). In fact, (3A.1) shows that the top half of the
trajectory is given by V = + {2(F(A) — F(U))}!/?, while the bottom half is given by
= —{2(F(A) — F(U))}'/% Since Ay(z,0) approaches 4 in both forwards and
backwards time, we say that A,.(z,0) is a homoclinic orbit. A similar analysis
shows that if 4 > B and F(A) < F(B), then Ag,,(2,0) = Ay ,(z,0).
Let us return to the case when A < B and F(A) < F(B). Let

B =inf{U: U> Aand F(U) = F(4)}.

Clearly B < B. Note that A4 y.(z,0) intersects the U-axis at U = B. Furthermore,
A < Ayp(2,0) < B for each z € R. This result follows from (3A.1).

Now suppose that there does not exist a critical point C such that 4 < C < B and
F(C) > F(B). We show that the homoclinic orbit 4 y( z, 0) “lies between” By, ( z, 0)
and B, (z,0). That is, given a € (4, B), there exists four uniquely determined
constants, V;, V,, V; and V,, such that V; <V, <0 < V; <V,, (a,V)) lies on
By (2,0), (a,V,) lies on Ag.(2,0), (a, V;) lies on Ayu(2,0), and (a,V,) lies on
By, (2,0). This result is proved by contradiction. Suppose, for example, there
existed constants a, ¥; and V, such that 4 <a < B, 0 < V, < V3, (o, V3) lies on
Ayp(2,0), and (a, V) lies on By, (z,0). Since H(U, V') is constant on solutions, it
follows that

F(A)=V2/2+ F(a) and F(B)=V}/2 + F(a).

This contradicts the assumption that F(A) < F(B) and V; > V,. One must, of
course, show that B, (z,0) and Bg, (z,0) both cross each line U = a, 4 < a < B,
at a unique point. This follows from the explicit expression for the trajectories given
by (3A.1) and the assumption that there does not exist a critical point C such that
A < C < Band F(C) > F(B).

Finally, let D be the region enclosed by the homoclinic orbit Ay;(z,0). In D,
H(U,V) < F(A). It therefore follows from (1.5) that, for each § > 0, 4,.(z, 8) lies
outside D, while A, (z, 8) lies inside D.

(B) Phase plane for 8 very large. Let A be any local maximum of F. We show that
as 6 becomes very large the unstable trajectories Ay.(z, ) and A, (z, §) become
increasingly vertical. More precisely, given & > 0, there exists a constant #(e) such
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that if 8 > 6(¢), then A, (z, 8) lies entirely inside the region S*= {((U,V): 4 < U
< eV + A}, and Ag, (2, 0) lies entirely inside the region S™= {(U,V): eV + 4 < U
< A}.

The first step is to linearize the system (1.3) Ebout the saddle 4 = (4,0). If
F"(A) = —a, where a > 0, then the eigenvalues at A are

A(0) = (0%V6? + 4a) /2.

An eigenvector corresponding to A*(8) is (1, A*(8)). Therefore, Ay.(z,8) and
Ag,/(z, 8) both approach 4, in negative time, tangent to the line through (4, 0) with
slope A *(). Since lim,_, ,  A*(8) = + oo, the claim is true near 4. To complete the
proof we note that both S* and S~ are positively invariant for 6 sufficiently large.
That is, every trajectory which lies inside S* or S~ for some time z, must remain
inside S* or S, respectively, for z > z,. This is proved by considering (1.3) and
showing that at each point on the boundary of S* or S, the vector field determined
by the right-hand side of (1.3) points into S* or §~.

A similar argument shows that as § becomes very large, the stable trajectories
Ayw(z,0) and Agg(z,0) become increasingly horizontal. One shows that, given
e > 0, there exists a constant 8(¢) such that if § > (), then 4, (z, 8) lies entirely
inside the region J*= {(U,V): 0 < V < —¢(U — A)}, while Ag.(z, 9) lies entirely
inside the region J ™= {(U,V): —e(U — A) < V < 0}. As before, one proves this is
true near A by linearizing the system (1.3) at A. One then shows that J* and J ~ are
negatively invariant.

(C) The rectangle #.Given F, we show how to construct the rectangle £ so that the
unstable trajectories can only leave & through its top or bottom sides. Furthermore,
except for the connections, each unstable trajectory must leave Z.

Let C be the critical point at which F assumes its absolute maximum. Let D and E
be the critical points which satisfy D < 4 < E for all other critical points A. Set
D(z) = Dg,(2,0) and E(z)= Eyg(2,0). In order to distinguish the U and V
coordinates of these trajectories we suppose that D(z) = (D,(z), D,(z)) and E(z) =
(E,(z), E,(2)). Note that

Dy (2,0) = (D(2),-Dy(z)) and Eg.(2,0) = (E\(2),-E,(2)).
Furthermore, for all z, D{(z) < 0, D;(z) < 0, E{(z) > 0, E5(z) > 0,
lim D,(z) = lim D,(z) = 00 and lim E,(z) = lim E,(z) = .
) 2z 00 z—> 00 z— 00

These facts are simple consequences of our assumptions and the form of system
(1.3).

Choose V; so that ¥V, > 0 and H(V,,U) > F(C) for all U € (D, E). Let R, be
equal to the value of E,(z) at the point where E,(z) = V], and let R, be equal to the
value of D,(z) at the point where D,(z) = —V,. Let # be the rectangle with corners
at the points (R;, V), (R, -V7), (R,, V7)) and (R,, -V}).

We now show that all of the unstable trajectories arising from the saddles can only
leave % through its top or bottom sides. Note that on the trajectory E,.(z,9),
U’'(z) > 0 and V’(z) > 0. This is true for all § > 0. Furthermore, since H(U, V) <
F(E) in the region {(U,V): —E,(z) < V < E,(z), U > E}, (1.6) implies that, for
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each 0, Ey(z, 0) leaves # on its top side. A similar analysis shows that, for each 6,
Dg, (2, 0) leaves # on its bottom side after traveling in a monotone decreasing
fashion. Now, fix 8 and let T(z) be one of the unstable trajectories with correspond-
ing speed 6. Note that E\ .(z, 8) prevents T(z) from leaving the right side of # with
V > 0. Similarly, Dg,(z,8) prevents T(z) from leaving the left side of # with
V' < 0. On the other hand, T(z) cannot exit the right side of # with V' < 0 or the left
side of # with V > 0, because, on those portions of the boundary, the vector field
defined by the right-hand side of (1.3) points into #. Therefore, T(z) can only leave
Z through its top or bottom sides.

We now prove the following. Let T(z) be one of the unstable trajectories which
leaves #, and let T(z,) = P be the point on the boundary of # where T(z) first
leaves Z#. As usual, we set T(z) = (T(z), T,(z)). We show that T,(z) # 0 for all
z > z,. Furthermore, if P is on the top side of %, then

lim 7y(z) = lim T,(z) = o,
I— 00 Z— 00
while if P is on the bottom side of £, then
lim 7,(z) = lim T,(z) = -co.
Z— 00 Z— 00

We suppose that P is on the top side of % since the other case is similar. Let
P = (P, P,).

Suppose that T,(z,) = 0 for z; > z,, and T,(z) > 0 for z € (z,, z;). Since U' = V
we have T,(z;) > Ty(z,). Let

H(zo)=H(T1(zo)sz(zo)) and H(21)=H(T1(21)sT2(21))~

It follows from (1.6) that H(z,) < H(z,). We show that this leads to a contradiction
by considering a few cases. First of all note that it is impossible for P, < D. If this
were true, then, since F'(U) > 0 for U < D, (1.3) implies that T;(z) —» —oco0 and
T,(z) » + o as z = —oo. This contradicts the assumption that T(z) is one of the
unstable trajectories.

Now suppose that D < P, < E. From the way we chose V, it follows that
H(z,) = V?/2 + F(P,) > F(C). On the other hand, H(z,) = F(T,(z,)). Since F(C)
> F(U) for all U, we have a contradiction.

Finally, suppose that P, > E. Then, since F'(U) <0 for U > E and T(z,) >
T\(z,), it follows that F(T,(z,)) < F(Ty(z,)). Hence, H(z,) = V2/2 + F(T\(zp)) >
F(T\(z,)) = H(z,). This, again, is a contradiction.

To conclude our discussion of # we must show that, for § > 0, each unstable
trajectory is either a connection or else leaves #. This, however, is a consequence of
(1.6).

(D) Simple but important results. The following results are needed a number of
times in the proofs of Propositions 2.1-2.3. We assume throughout that p and g are
two constants with p < g. For some 8 > 0, let P(z) and Q(z) be the solutions
starting at ( p, 0) and (g, 0), respectively. We assume that

P(z) = (P(2), P(2)) and Q(z) = (Qi(2),Q:(2)).
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We also assume that (p,0) and (g,0) are not rest points, and, without loss of
generality, P(0) = ( p,0) and Q(0) = (g, 0). Finally, we assume that P(z) and Q(z)
leave # with U-coordinate equal to « and B, respectively.

LEMMA 3D.1. Assume that dP,(0)/dz > 0 and the first place where P(z) leaves R is
through its top side. If q — p is sufficiently small, then the first place where Q(z) leaves
R is through its top side, and a < B.

PrOOF. By making g — p sufficiently small, we may assume that P(z) and Q(z)
are as close as we please to each other as long as they are in #. Therefore, if ¢ — p is
sufficiently small, then dQ,(z)/dz > 0, and Q(z) leaves £ through its top side. To
complete the proof we follow, in some detail, P(z) and Q(z) around in the phase
plane. In what follows the reader should refer to Figure 7.

Choose {z,},j =0, 1,...,n,such thatz, = 0, z;, < z,, for each j, and P,(z) = 0
for z > 0 if and only if z = z; for some j. Let n; = P,(z;). Of course, it is possible
that n = 0. The above assumptions imply that » is an even integer and

My <Mp—2 < " <M <N <M <N<:" <N_3<N_1.

Here we use the fact that U’ = V which implies that the trajectories spiral in a
clockwise direction. If g — p is sufficiently small, then there must exist {£,},
k =0,1,...,n,such that {§; = 0, Ej < §j+1 for such j, and Q,(z) = 0 for z > 0if and
only if z = z; for some j. Let {; = Q,(§;). By choosing g — p small we can make
SUPg ;<M — §;| as small as we please. Furthermore, because p < g and dP,(0)/dz
> 0, it follows that if j is even, then 7 ; < §j. If j is odd, then 5 ;> §‘j. Since n is even,
we have 1, < {,. Hence, from the times P(z) and Q(z) last cross the U-axis until the
times they exit 2, P(z) lies to the left of Q(z). In particular, a < 8.

There are other cases to consider besides that described in Lemma 3D.1. Here we
just list the results. The proofs of these results are almost identical to the one just
given.

FIGURE 7. This is the situation described in Lemma 3D.1. The dotted curve is P(z); the solid curve is

Q(2).
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LEMMA 3D.2. Assume that dP,(0)/dz < 0 and P(z) leaves X through its top side. If
q — p is sufficiently small, then Q(z) leaves R through its top side and a > .

LEMMA 3D.3. Assume that dP,(0)/dz > 0 and P(z) leaves X through its bottom
side. If q — p is sufficiently small, then Q(z) leaves R through its bottom side and
a > B.

LEMMA 3D.4. Assume that dP,(0)/dz < 0 and P(z) leaves & through its bottom
side. If q — p is sufficiently small, then Q(z) leaves R through its bottom side and
a<p.

The following lemmas are proved exactly as Lemma 3D.1. For these lemmas we
assume that p and ¢q are positive constants, and P(z) and Q(z) are the trajectories
through the points (0, p) and (0, q), respectively. We further assume that P(z) and
Q(z) leave # with U-coordinate equal to a and 3, respectively.

LEMMA 3D.5. Assume that 0 < p < q and P(z) leaves X through its top (bottom)
side. If g — p is sufficiently small, then Q(z) leaves X through its top (bottom) side and
a> B(a<p).

LEMMA 3D.6. Assume that 0 > p > q and P(z) leaves R through its top (bottom)
side. If |q — p| is sufficiently small, then Q(z) leaves X through its top (bottom) side
anda > B (a < B).

(E) How the stable and unstable trajectories vary with 8. Assume, for now, that
A(z, 8) is equal to either Ayg(z,80) or Ag,(z,0), and B(z, ) is equal to either
B, (z,0) or By,(z,0). For some constant 8, let / be the vertical line given by
U = B. Suppose that A(z, 6,) intersects / for z = z,. Let v,(6,) = 4,(z,, 8,). We
assume throughout that y,(68,) # 0. Then d4,(z,, 8,)/dz # 0, and, therefore, A(z, §,)
crosses / transversely. Hence, there exists a constant § > 0 such that if |§ — §,| < §,
then A(z, @) also crosses !/ for some z, say z(6). For |8 — 6,| <4, let v,(0) =
A,(2(8), 8). There is no problem in choosing vy,(8) and z(8) to be continuous.

LEMMA 3E.1. Assume that 0 < 8, — 6, < 8. Then either 0 < v,(8,) < v,(6,) or
0 > v,(8y) > v,(6,).

PROOF. We only consider the case A(z, 8,) = Ay(z, 6,) since the case A(z, §,) =
Agw(z,0,) is similar. We shall also only treat the case v,(6,) > 0, since the case
v4(8,) < 0 is also similar. We first prove the result if |8 — A4| is small. Suppose that
F"(A) = —a. Of course, a > 0. Let

o =[2 3] o =19

If we linearize (1.3) at A we obtain the system W’ = M(8)W. The eigenvalues of
M(8) are

A(8)=(0+V82+4a)/2 and A,(8) = (6— V6> + 4a)/2.

An eigenvector corresponding to A,(8) is (1, A,(8)). Hence, A(z, 8) approaches A as
z — —o0, tangent to a line through 4 with slope A,(8). Since Aj(6) > 0 it follows
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that there exists a constant ¢ > 0 such that the following is true. Let p be the ray
{((U,V): U= A4 + ¢ V>0}. Clearly if ¢ is sufficiently small, then A(z, 6,) and
A(z, 8,) will intersect p. Choose £, and £, so that 4,(£,, 0,) = 4,(£;,0,) =4 + ¢,
but A4,(£,6,) <A +¢e for §<§; and A,(§,0,)<A +¢€ for £<§,. Let Py=
A,(&,.0,) and P, = A,(£,,6,). Then P, < P,. That is, near 4, A(z,8,) lies above
A(z, 6,).

By following the curves A(z, 6,) and A(z, 6,) around in the phase plane and using
an analysis similar to that given in the preceeding section, we find that the lemma is
true if the curves A(z, 6,) and A(z, 6,) never intersect. Suppose that they did, say, at
q = (43, 9,)- Choose 1, and 7, so that A(n, 6,) = A(ny, 8,) = g, and A(n,, 6,) #
A(n;, ;) for any 7, < 3, or 1; < ;. We assume that g, > 0. The other cases are
similar. Let

$o=sup{z <my:A4,(z,8,) =0} and ¢ =sup{z <mn,:A4,(z6,)=0}.

It may be true that §, = ¢, = —oc0. Let C, = 4,($,, 6;) and C, = A4,({;, 6,). Assume
for now that {, # —co. (This implies that {;, # —occ.) Then, it must be true that
C, < C,. Hence, the curve A(z, 6,) for z € ({,, n,) lies below the curve A(z, 6,) for
z € (), m,)- Note that the same is true if {, = {; = —00. At g, A(z, §,) is tangent to
the vector W° = (q,, 8,9, — F(q,)), while A(z, 6,) is tangent to the vector W' =
(95, 0,9, — F(q,)). Let W° = (W?, W) and W' = (W}, W,"). Since W° = W} and
WY < W} we have the desired contradiction, and the proof of the lemma is
complete.

Now let us consider B(z, ;). Suppose that B(z, §,) intersects / when z = z,. Let
v5(6y) = B,(z,, 6,). If v5(6,) # O, then B(z, ;) crosses / tranversely. Hence, there
exists 8 > 0 such that if |§ — §,| < 8, then B(z, 8) also crosses / for some z, say z(8).
Let y(0) = B,(z(8), 8). A proof similar to the one given for Lemma 3E.1 proves the
following lemma.

LEMMA 3E.2. Assume that 0 < 0, — 0, < 8. Then either 0 < yp(8,) < y5(6,) or
0 > v5(6,) > v5(6y).

4. Proof of the propositions. We assume throughout this section that the array at
0 = 8, is given by

(4.1) A (6y) =

(A) Proof of Proposition 2.2. Assume that there exists an 4 — B connection with
speed 6, where 6, < 6, and that there do not exist any connections with speed
0 € (6,, 6,). We wish to prove that there exists an integer k such that either A* = T,
and B* = T, ,,, or A* = B, ,, and B* = B,. We only consider the case when 4 < B
and Ayg(z,0,) = By, (z,0,) since the other cases are similar. To simplify the
notation we set A(z, 8) = Ayz(z, 8) and B(z, 8) = By, (z, 8). Furthermore, we let

A(z,0) = (A4,(2,0), A5(z,60)) and B(z,0) = (B,(z,0), B,(z,8)).

In what follows the reader should refer to Figure 8(A).
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Choose P so that P < B and F does not have any critical points in the interval
(P, B). Let I be the line U = P. Clearly, B(z, 8,) must intersect / at least once. Let

zo=sup{z|B(z,8,) = P} and y = B,(z,,90,).

Note that y > 0. For 6 sufficiently close to 6,, there exist continuous functions v ,(4)
and yg(6) such that v,(8,) = v5(6,) = v, A(z, §) intersects / at a point whose V
coordinate is v,(8), and B(z, ) intersects / at a point whose V' coordinate is y5(8).
We assume that y,(8) and yz(8) are defined for 6 € (6, — ¢, 6, + ¢). We also
assume that ¢ < § where 8§ appears in Lemmas 3E.1 and 3E.2.

Choose 6, so that 0 < 8, — §, < ¢ and 6, < ,. We conclude from Lemmas 3E.1
and 3E.2 that v,(6,) > v5(0,). That is, as they cross /, A(z, 8,) lies above B(z, 6,).
Since A(z, 8,) cannot intersect B(z, 8,), this implies that A(z, 8,) crosses the axis
U = B above B. More precisely, there exists a constant {, such that 4,(¢,, 8,) = B
and 4,(§,, 6,) > 0. Furthermore, setting A = 4,({,, 6,), we can make A as small as
we please by choosing 6, — 8, small. In particular, by choosing 8, — 8, sufficiently
small we may conclude that A(z,0,) and B,g(z,6,) exit the same side of the
rectangle #, at points which can be made arbitrarily close to each other. From the
discussion in subsection 3(D) it follows that if B, (z, 8,) exits the top side of %,
then A(z, 6,) exits # immediately to the left of By.(z, 8,). If, on the other hand,
Byp(z, 8,) exits the bottom side of #, then A(z, 8,) exits & directly to the right of
B, ;(z, 8,). Putting these facts together we have proven that if the array at 8, is

P1P2 " Pa
Z(0,) = ——=
(6) q919> " 4

L}

then there exists an integer k such that either A* = p, and B* = p, ,,,or 4* = q, .,
and B* = q,.

To complete the proof we show that 2/(6,) = ./(6,). This follows from the
assumption that there do not exist any connections with speed 8 € (6,, 6,). Since
there are no connections, all of the unstable trajectories vary continuously with . In
particular, the array remains the same for § € (6,, 6,).

(B) Proof of Proposition 2.3. Suppose that 8, < 6,, there exists an A — B connec-
tion with speed #,, and there do not exist any other connections with speed

(A) \Y (B) v

)

A Bre
o A »/ /8B
A/ A4
9>9° / e>e0
7 v W

FIGURE 8. (A) For 6 a little bigger than ,, Ay, (0, z) crosses / just above By, (z.0). This forces
Ayp-(z.0) to leave R just to the left of By(z, 8).

(B) For 0 a little smaller than 6. Ay,.(0, z) crosses / just below By, (z. 8). This forces Ayg(z, 0) to
leave R just to the left of By,(z, 0).
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6 € (8,, 6,). From Proposition 2.2, it follows that if the array at § = 6, is given by
(4.1), then there exists an integer k such that either 4* = T, and B* =T, ,, or
A* = B, ., and B* = B,. We assume that 4* = T, and B* = T, ,, since the proof
of the other case is quite similar. We also assume that 4 < B and A,.(z, 0,) =
By (2, 8,), since, again, the proof of the other cases are similar. As before we set
A(z,0) = Apg(z,0) and B(z,0) = By, (z, 8). The proof now proceeds in a fashion
quite similar to the proof of Proposition 2.2. In what follows the reader should refer
to Figure 8(B).

Let P, 1, g, v,(@) and y,(@) be as in the proof of Proposition 2.2. Choose 8, so that
0<80, -0, <e Lemmas 3E.1 and 3E.2 now imply that v,(6,) < yz(6,). This
implies that A(z, 6,) must cross the U-axis immediately to the left of B. More
precisely, there exists {, such that 4,({,, 8,) = 0 and 4,(¢{,, 6,) < B. Furthermore, if
A = A,($y, 0,), then B — X can be made as small as we please by choosing 6, — 6,
small. In particular, by choosing 6, — 8, sufficiently small we may conclude that
A(z, 0,) and Bg, (z, 6,) exit the same side of the rectangle %, at points which can be
made arbitrarily close to each other. From the discussion in subsection 3(D) it
follows that if Bg,(z, 6,) exits the top side of &, then A(z, §,) exits #Z immediately
to the right of By, (z,0,). If Bg,(z, 0,) exits the bottom side of %, then A(z, §,)
exits # immediately to the left of B, (z,6,). Since Bg, (z, ) corresponds to the
‘other B’ in the statement of Proposition 2.3, this completes the proof.

We now discuss what happens if two or more waves exit with the same speed.
Here we only consider the case when there exists two waves with the same speed.
The case for more than two waves is quite similar. So suppose that there exist 4 — B
and C — D connections with speed 6,. If B # C, then there is no problem in
applying Proposition 2.3 to determine how the array changes after the connections.
The A goes next to the other B, while C goes next to the other D. An example is

A—B
ABDC c—p BDCC
ABDC AABD

If B = C, then there are two cases to consider, depending on if B and C correspond
to the same entry in the array. Recall that each integer appears twice in an array. If
B and C are the same entry, then we must consider the 4 — B connection first and
then the C — D connection. That is, we first put the 4 next to the other B, and then
put the C, which is now B, next to the other D. An example is
A—B
ABD B8-D D

N
-
—

ABD AABBD

If B and C correspond to different entries, then we first consider the B —» D
connection and then the 4 — B connection. An example is
A—B
DAAB B:D DBAAB
DB D -

The proofs of these results are quite similar to the proof of Proposition 2.3.
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(C) Proof of Proposition 2.4. We show that given 4, B, and 6§, > 0, there can exist
at most a finite number of A — B connections with speeds greater than §,. Since we
are assuming that there are only a finite number of critical points this certainly
implies the desired result.

In subsection 3(B) it was shown that there exists 6, such that no 4 - B
connection exists for § > ,. Certainly if no A — B connection exists with speed 6,,
then there exists ¢ > 0 such that no 4 — B connections exist with speed 8 € (6, —
&, 8, + €). To complete the proof we note that Propositions 2.2 and 2.3 imply that if
there exists an 4 — B connection with speed 8, then there exists ¢ > 0 such that no
other A — B connection exists with speed 8 € (0; — ¢, 6; + ¢).

(D) Proof of Proposition 2.1. Suppose that A(6,) is given by (4.1) and T, < T ..
We show that there exists a T, — T, connection for some § < §,. We do not
discuss the case when B, ., < B, since the proof is similar. Assume that A and B are
the critical points which satisfy 4* = T, and B* = T, ,. Now T} and T}, corre-
spond to two points on the top side of 2 which lie on an unstable trajectory of 4 and
B, respectively. Let these points be P, and P,. We denote the unstable trajectory on
which P, lies by 4(z) and the unstable trajectory on which Py lies by B(z). There
are now a number of cases to consider. These are

(4D.1a) A<B, A(z)=Ayg(z,0,), B(z)= Byg(z,6,),
(4D.1b) A<B, A(z)=A,(z2,8,), B(z)=Buyg(z,6,),
(4D.1¢) A<B, A(z)=Ayg(z,6,), B(z)= Bgy(z,6,),
(4D.14d) A<B, A(z)=A5,(z,0,), B(z)= Bgy(z,8,),
(4D.1e) A>B,  A(z)=Ay(z,8,), B(z)=Bys(z,6,),
(4D.1f) A>B, A(z)=A5,(z,68,), B(z)=Buyg(z,6,),
(4D.1g) A>B, A(z)=Ang(z,0,), B(z)= Bs,(z,6,),

(4D.1h) A >B, A(z)=Ag,(z,8,), B(z) = Bgy(z.6,).

We first consider (4D.1a). We prove that A yg(z,0) = By, (2, 8) for some § €
(0, 6,). This is done using a shooting argument. To set up the shooting argument we
first consider, in detail, how the trajectories A(z) and B(z) spiral around in the
phase plane as they are followed backwards from the points P, and Pp.

Choose {z,}, k=1, 2,..., so that, for each k, z;, > z,,, and B,(z) = 9 if and
only if z = z, for some k. Let v, = B,(z,). That is, y, is the U-coordinate of the kth
place where the trajectory B(z) intersects the U-axis as it is followed backwards
from Pg.

We claim that either y, = B or y, < A. To prove that it is impossible for y, > B
we use the fact that U’ = V and, therefore, all trajectories spiral in the counterclock-
wise direction as they are followed backwards. This fact implies that y, > y,, for all
k. Therefore, if y; > B it would be impossible for lim B(z) = B. We now wish

z—>-00

to show that it is impossible for y, € (4, B). If this were true, then, using (1.6),
which implies that F(y,) > F(B), it follows that there exists a critical point
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C € (A, B) such that F(C) > F(B). We assume that C is chosen so that F(C) >
F(U) for all U € (A4, B). Now Cyg(z, 6,) can never cross the U-axis between 4 and
B. This is because of (1.6). Suppose that v, € (C, B). Then Cy(z, ,) must exit the
top side of # between A(z) and B(z) which is a contradiction. Now suppose that
¥; € (4, C). It then follows that B(z) must cross both Cg, (2,0) and Cy,(z,0).
Since H(U, V) = F(C) on both of these trajectories, (1.6) gives the desired con-
tradiction. Note that this, together with Proposition 2.2, implies that if 4 < B and
there exists a critical point C such that 4 < C < B and F(C) > max{ F(B), F(A)},
then there cannot exist an A — B or B = A connection.

So it remains to consider the cases y;, = B and y, < A. We shall assume that
¥, < A since this is more difficult than the case y, = B. In what follows the reader
should refer to Figure 9. Note that y, = B for some integer r. Following B(z)
backwards from P, and using the fact that the trajectories spiral in the counterclock-
wise direction as they are followed backwards, we find that r is an odd number and

(4D2) v <Y< <Y, <A<B=v,<y,,<: <<t

It is impossible for y, € (4, B) for some k because of the same reason that
v, € (A4, B). We also find that B,(z)> 0 for z € (z,.,, z,) if k is even, and
B,(z) < Oforz € (z,,,, ;) if k is odd.

We now follow A(z) backwards from P,. Its behavior is determined by noting
that it must keep spiraling without ever crossing B(z). Choose {z¥} so that
zk > z%*1 for each k and A,(z)=0 if and onmly if z = z*¥ for some k. Let
8% = A,(z*). That is, 8* is the U coordinate of the kth place where the trajectory
A(z) intersects the U-axis as it is followed backwards from P,. Using induction we
find that if k is odd, k < r, then y, _, < 8% < v,, and 4,(z) < 0 for z € (z**1, z%).
If k is even, k < r, then y, < 8% < y,_,, and 4,(z) > 0 for z € (z**1, z*). Further-
more, if k is odd, then 8% < 4 < §*~ . Since r is odd and y, = B we have that

(4D.3a) 8"<A<8,
(4D.3b) Ay(z)>0 forze (z7,z71).

FIGURE 9
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Recall that we are trying to use a shooting argument in order to prove that
Anp(2z,0) = By (2,0) for some 6 € (0,8,). We are now in a position to start
setting up the shooting argument. Choose P so that P < B and F does not have a
critical point in [P, B). Let  be the vertical line U = P. From (4D.3a) and (4D.3b)
it follows that there exists 7, € (z’, z"~ ') such that 4,(n,) = P. Let y,(8,) = A,(n,).
For 6 close to 6, the trajectory 4, (z, 6) must also intersect the line /. Let v,(8) be
the V coordinate of this point of intersection. Clearly, y,(8) can be chosen to be a
continuous function of 8, at least in some neighborhood of § = 6,. We assume that
v,(8) is defined on the maximum possible interval so that it is continuous.

For each 8 > 0, By, (z, §) must intersect / at least once. Let y4(8) be equal to the
V coordinate of the first place where B, (z, ) intersects / as it is followed
backwards from the saddle (B, 0). Note that ygz(8) is a continuous function for all
8 > 0. It follows from (4D.3a) and (4D.3b) that

(4D.4) Y4(0o) > v5(6,).

We now demonstrate that if 8, < 6, and no 4 — B connections exist for 8 €
[6,, 6,]), then v,(0) is a well-defined continuous function in the interval [8,, 6,]. If
this were not true then there must exist 6, € (6,, 6,) and a critical point C such that
an A — C connection exists with speed 6,. Furthermore, this connection must
involve A, (z, 6,). That is, either

ANE(Zvaz) = CNW(Z’az) or Ayg(z,0,) = Css(z’oz)-

It now follows that if A =limg 4 v(6), then the point (P, A) lies on either
Cye(z,0,) or Cgy (2, 0,). Suppose that (P, A) lies on Cyg(z, 6,). Let v, () be the V'
coordinate of the place where Cy(z, ) intersects the line /, chosen so that y,(8) is a
continuous function for 6 close to 8,. From Lemma 3E.1 it follows that vy (6) < y,(8)
for @ close to but greater than 6,. If 8 — 6, is sufficiently small, then from the way A
was defined it follows that yg(8) < v.(9).

We summarize what has been proven so far as follows. Say that  has property
star if 6 € [6,, 6,] and there exists a critical point C such that either Cyz(z, §) or
Csw(2,8) crosses | at some point (P, A) which satisfies y5(6) < A < v,(6). Let
H = {0: 0 has property star}. We have shown that H is nonempty if v,(f) is
discontinuous at some 0, € (0,, ,). We shall now show that H is indeed empty.

To begin with, note that 6, ¢ H. This is because if 6, € H, then the discussion in
subsection 3(D) implies that there exists a critical point C such that either Cyg(z, ;)
or Cgu(z,0,) leaves # between Ay(z,60,) and Byg(z, 6,). This, however, con-
tradicts the assumptions of the proposition.

Set 6, = sup{8: 6 € H}. Some sort of connection must occur with speed ;. This
is because the stable and unstable manifolds of the critical points vary continuously
with 8, except at those values of 8 for which there exists a connection. Suppose, for
example, that there exists an 4 — C connection with speed 6,. If, for example,
A(z,0,) = Cyy(z,0;), then the proof of Proposition 2.2 and the discussion in
subsection 3(D) imply that there exists § > 0 such that if 0 < 8 — 6, < §, then
Cye(z, 0) crosses | between yg(6) and v,(6). Thatis, if 0 < 6 — 6, < §, then§ € H.
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This, however, contradicts the definition of 8,. If, on the other hand, A(z, ;) =
Cs(z, 05), then there exists 8 > 0 such that § € (6,, 6, + &) implies that Cg,,(z, 6)
crosses / between y;(6) and v,(8). This again contradicts the definition of 6,.

The only other possible thing that can go wrong is that there exists a C — B
connection with speed ;. That is, either Cyz(z, 05) = By, (2, 6;) or Cgy (2, 0,) =
By, (z,0y). In either case, the proof of Proposition 2.2 and the discussion in
subsection 2(D) shows that there exists § > 0 such that for 8 € (0,, 6, + §) the
corresponding unstable trajectory from C crosses / between yg(6) and v,(8). This
contradicts the definition of ; and, therefore, completes the proof that y,(8) is
continuous in [8,, 6,].

The proof of Proposition 2.1, case (4D.1a), will be complete if we can show that
v4(0) < v5(0) for some @ < §,. This, however, is true because the discussion in
subsection 2(A) and the assumption that F(A4) < F(B) implies that 4 yz(z,0) lies
below By, (z,0).

To complete the proof of Proposition 2.1 we briefly consider the other cases,
(4D.1b)—(4D.1h). If (4D.1b) is satisfied, then the proof is very similar to the one just
given. One proves that, for some 8 € (0, 8,), Agy, (2, 0) = By, (2, 6). We claim that
it is impossible for cases (4D.1c) and (4D.1d) to occur. We only show that (4D.1c) is
impossible since the corresponding proof for (4D.1d) is similar. What are shall prove
is the following. Suppose that A < B, F(A) < F(B), and both the trajectories
Ayng(2,05) and By, (z, 6,) leave the rectangle % on the top side. Suppose that the
points where these trajectories cross the top of Z are, respectively, P, = ( p;, ¥;) and
Q5 = (g1, V1)- Then, either g, < p,, or Byg(z, 8,) crosses the top side of # at a point
which lies between P, and Q. That is, if ¢, > p,, then A,z(z, 6,) and Bg, (z, 6,)
cannot be “neighbors” and (4D.1c¢) is, therefore, impossible.

The idea of the proof is similar to the one just given. We start at P, and Qp and
work our way backwards along the trajectories Ayg(z, 6,) and Bg,(z,6,). As
before, in order to simplify the notation, we set A(z) = Ayg(z,6,) and B(z) =
B¢, (2, 8,). Also, let

A(z) = (41(2), 4,(2)) and B(z) = (B,(2), By(2)).
Let {z,} be chosen so that z, > z, ., for each k and B,(z) = 0 if and only if z = z,
for some k. Let v, = B,(z,). As before we find that either y, = B or y; < 4. We
only consider the more difficult case y; < 4. Choose r so that y, = B. Then, as
before, r is even, and
N<VB< ' <Y 1<Ad<B=v,<y,<: <1<

Furthermore, B,(z) > 0 for z € (z,,,, z;) if k is even, and B,(z) <0 for z €
(Z4 415 2,) if k is odd.

We now follow A(z) backwards from P,. Choose {z*} so that zX > z*¥*1 for each
k, and 4,(z) = 0 if and only if z = z* for some k. Let 8* = 4,(z*). Using induction
we find that if k < ris odd, theny,_, < 8% < y,, and 4,(z) < 0 for z € (z¥*1, z%).
If k < ris even, then v, < 8% < y,_,, and 4,(z) > 0 for z € (z**!, z¥). Since r is
even and y, = B, we find that B < 8", and for z € (z"*}, z"), 4,(z) > 0.

We now wish to investigate what happens to Byg(z, ;). To simplify the notation
we set B(z) = Byg(z, 0,), with B(z) = (B,(2), B,(2)). We claim that there exists a
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number £, such that 8,(£,) = 0, B,(z) > 0 for z € (-0, §;), and B < B,(§,) < 8"
This is because B(z) leaves the saddle (B,0) into the quarter plane U > B, V > 0.
As long as V > 0, we have that U’ > 0 and B(z) continues to move to the right.
This cannot happen forever because B(z) would have to eventually intersect the
trajectory A(z). Hence, B(z) must cross the U-axis at some value of z, say z = §,.
Clearly B < B,(£,) < &". Using the results of the discussion in subsection 3(D) we
now conclude that B(z) leaves # between A(z) and B(z). This is what we wished to
show.

To complete the proof of Proposition 2.1 we must consider cases (4D.1e)—-(4D.1h).
Since these cases are treated in a manner very similar to the above proofs, we only
point out that cases (4D.1e) and (4D.1f) are impossible. In case (4D.1g) there exists a
0 € (0, 6,) at which speed A,g(z, 0) = Bg.(z,0). In case (4D.1h) there exists a
0 € (0, 6,) at which speed Ag,, (2, 8) = Bgg(z, ).

5. Labelled directed graph homomorphisms.

(A) Introduction. Figure 10 illustrates the directed graph for the function F shown
in Figure 1. We see that even when F has only four local maxima, the directed graph
can be quite complicated. If F were to have many more critical points, then the
corresponding directed graph would be so complicated that it would be impossible

FiGURE 10. The complete directed graph associated with the equivalence of class functions shown in
Figure 1.
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to analyze directly. We shall show that if 4 and B are distinct critical points of F and
if we are only interested in determining the number of A — B connections, then it is
not usually necessary to consider the entire directed graph corresponding to F. The
reason is that many of the critical points of F play very little role as far as the 4 —» B
connections are concerned. For example, suppose that F is as shown in Figure 11.

Then, as we shall see later, the only critical points which play a crucial role, as far
as the 4 — B connections are concerned, are 4, B, C and D. Let G be the directed
graph corresponding to F. Since the A — B connections really only depend on four
critical points, there should exist a much simpler graph, which we denote by
I'(A, B), which contains all the essential information of G, as far as the 4 - B
connections are concerned. We prove that there does indeed exist such a graph
I'(A4, B). In fact, what we prove is that there exists a mapping ® from G, onto
I'(A, B) which preserves enough of the structure of G so that if we are interested in
determining the number of A — B connections, then it is only necessary to consider
the graph I'( 4, B).

The next few sections are devoted to making these statements precise. We begin
by defining what is meant by a labelled graph homomorphism. We then describe
how to choose the graphs I'(4, B). After stating and proving the main theorem, we
prove some general results about how many connections exist between two given
stable critical points. In particular, we prove that if F, 4 and B are as shown in
Figure 8, then there exists an infinite number of 4 — B connections.

(B) Labelled directed graphs, paths and mappings between graphs. We begin by
giving a precise definition of what we mean by a labelled directed graph, or LDG for
short. An LDG consists of four objects. If G is an LDG we write G = (X, E, Y, 0).
Here, X is a finite set, say X = { X},...,Xx }. X denotes the set of nodes. Each node
in the graph corresponds, in our situation, to an array of integers. The set of edges is
a subset of X X X, which we denote by E. Thus (X;, X) denotes theAedge which
begins at X; and ends at X,. It is convenient to write X, = e * X. Let E(X,) equal
the set of edges whose first component is X,. We then set E(X,) = E(X,) U { X, }
and E = UE(X,), where the union is over all nodes X,. By definition, we write
X, * X, = X,. Y is a set of nonnegative integers. It corresponds to the set of labels.
Usually Y is of the form {0,1,2,...,N }. We denote this latter set by Y. Finally, ©®
is a function from E into Y X Y. For example, if the edge e corresponds to an

)
F(U)

FIGURE 11
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A — B connection, then ©(e) = (4*, B*). We always assume that @(X,) = (0,0)
for each node X,, and ife € E and ©(e) = (4*, B*), then A* # 0 and B* # 0.

Let P = {e,} be a finite or infinite set of edges.

We say that P is a path in G if for each k, e, € E and e, € E(X,) implies that
e, € E(e,* X,). If Pis finite, say P = {e,,...,e,}, withe, € E(X;), e, € E(X,)
and X, , = e, * X,, then we say that P is a path from X, to X, . In this case we
write X, ,; = P* X,. The path P = {e,} is called admissible if the following is
satisfied. For any k, suppose that e, € E(X,), and e is any element of E(X,). We
do not necessarily assume that e = e,. Suppose that @(e) = (A*, B*). Then, there
exists an integer j such that j > k and @(ej) = (A*, B*).

Note that F(U) determines a path in G.. We denote the path by P.. Proposition
2.1 implies that P is an admissible path in G.. Finally, we say that a node X is a
generator of the graph G if for every node X’ there exists a path from X to X’.

Before defining what is meant by an LDG homomorphism we must introduce
some more notation. Suppose that Y, and Y, are two subsets of the nonnegative
integers. We assume that {0} is a subset of both sets. Let g: Y, — Y. Assume that
g(0) = 0. Then thenewmap §: Y, X Y, = Y, X Y, is defined by

S0 k) = (0,0) ifg(j) =0org(k) =0,
80, k) = {(g(j), g(k)) otherwise.
DEFINITION 5B.1. Suppose that
Gy={X4 EyY,,0,} and Gp= {Xp, Ep, Y5, 0p)
are labelled directed graphs. Then ® = (®,, @, ®;) is an LDG homomorphism
from G, into Ggif ®4: X, - Xg, ®.: E, > Egand ®;: Y, - Y. Furthermore, for
eachx € X, and e € E(x):

(A) PL(E(x)) © E(Px(x)),

(B) @x(e*x) = Dg(e) * Dy(x),

(C) Pp(x) = Py(x),

(D) ®,(0) = 0, and

(E) 8,(8,4(e)) = 05(D(e)).

In what follows we always use the same letter ® to denote ®,, . and ®,.

DEFINITION 5B.2. @ is an LDG homomorphism from G, onto Gy if in addition to
the conditions of the preceding definition the following are satisfied:

(A) for each node y € Xj there exists a node x € X, such that ®(x) = y;

(B) if ®(x) =y and f € E(y), then there exists a path {e,,...,e,} € G, such
that:

(i) e, € E(x),

(i) if xo=x and x; = ¢;*x,_, forj=1,... .k, then ®(x;) = y and <I)(ej) =y
forj=1,...,k — 1, and

(iii) @(e,) = f.

The following basic facts about LDG homomorphisms follow immediately from
the definitions. )

LeEMMA 5B.1. If P is a path in G, and ® is an LDG homomorphism from G, into
Gg, then ®(P) is a path in G .
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LEMMA 5B.2. Suppose that ® is an LDG homomorphism from G, into Gg, and ®
satisfies Definition 5B.2(B). Furthermore, assume that ® maps a generator of G, onto a
generator of Gg. Then ® satisfies Definition SB.2(A).

(C) The graph I'( A, B). Unless stated otherwise, we assume that 4 and B are fixed
critical points of F with 4 < B and F(A) < F(B). We also assume that there does
not exist a critical point C which satisfies 4 < C < B and F(C) > F(B). In
Proposition 2.3 it was shown that if there did exist such a C, then there could not
exist any A — B connections.

We now introduce some notation which will be used throughout the rest of the
paper. Let K be equal to the set of critical points of F. Recall that by a critical point
we mean a value of U, where F assumes a local maximum. Furthermore, to each
C € K there corresponds an integer, denoted by C*, which is determined by the
ordering of the values of F at the critical points. Let K(A4) equal the set of critical
points C which satisfy F(C) > F(A), and there does not exist a critical point D
which lies between 4 and C such that F(D) > F(C). Note that { A, B} C K(A). Let
€(A)= {C*: C € K(A)}. Let K(4, B) = {C: C € K(A) and F(C) < F(B)} and
%(A, B)= {C*: C € K(A, B)}. Note that { A,B} C K(A, B). Let

#=K(A)\K(4, B), ¥=K\K(A),
¢(F)={C*:CeZ} and 4(¥)={C*:Ce¥}.

The proof of Proposition 2.3 shows that if D € #, then there cannot exist any
A — D connections.

Let F(A, B)(U) be any function which satisfies (1.2) and whose set of critical
points is equal to K(A4, B). We also assume that if C € K (4, B), then F(A4, B)(C)
= F(C). Finally, for each positive integer n, let G, be the graph generated by the
array which has the sequence of integers {(n,n — 1,...,2,1,1,2,...,n — 1,n} on top.
We assume that the generator of G, has no entry on its bottom. This implies that
each array in G, will have no entry on its bottom. Figure 12 illustrates G, and G.

There are now two cases to consider. First assume that there exists a critical point
C such that C < 4 and F(C) > F(B). Throughout the rest of the paper this shall be
referred to as “case 1”. In this case we set I'(4, B) = G, where n = |K(A, B)|. Here,
|K(A, B)| denotes the cardinality of the set K(A, B). For “case 2”, when there does
not exist a C such that C < 4 and F(C) > F(B), we set I'(4, B) = G4 5, That is,
I'(A, B) is equal to the graph corresponding to the function F(A4, B).

312213
G .

G.: ® |-’3//'/ %‘»3
212 >2 |2
3223
(o2 32213
2+3 =3

3212
|2

FIGURE 12
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Of course, the assumption 4 < B is merely for convenience. If we had A > B,
with F(A) < F(B), we would still assume that there does not exist a critical point C
such that B < C < A4 and F(C) > F(B). There would still be the two cases to
consider depending if there exists a C such that C > 4 and F(C) > F(B).

We now state the main result of the paper.

THEOREM 5C.1. There exists an LDG homomorphism ® from G onto T'(A, B).
Furthermore, ®( Pr) is an admissible path in T'(A, B).

(D) Some useful propositions. Throughout this section we assume that F has N
critical points and .« is the array

TITZ U Tm

(5D.1) = BB, - B,

Note that m + n = 2N. Sometimes it will be useful to rewrite «7as
T, --- T,

5D.2 o = o

( ) TZN e Tm+2Tm+l

That is, B, = 7}wherej= 2N —i+1forl <i<n.

Let Yy = {0,1,2,...,N}, and suppose that S; and S, are two, nonempty disjoint
subsets of Y, \ {0}. We say that S, interlaces S, in o/ if there exists integers s, s,, 53,
i,j, kand / withs, € S|, 5, € S,,s;€ S, and 1 <i<j<k</!<2N such that
either

(5D.3a) si=T, s,=T, s,=T;, and s,=T,
or
(5D.3b) s;=T, s;,=T, s3=T, and s, =T,

If there does not exist such integers we say that S, does not interlace S, in /. Note
that it is possible that S, interlaces S, in &/ while S, does not interlace S, in &Z. For
example, let

221
=137 S, ={1} and S§,={2,3}.

The following result will be used often in the proof of Theorem 5C.1.
PROPOSITION 5D.1. €(&) does not interlace €(A, B) in /.

PROOF. Suppose that the proposition is not true. Then there must exist critical
points C, D € K(A, B) and E € & such that { E*} interlaces { C*, D*} in &/. We
assume that there exist integers i, j, k and / such that C* = T,, E* =T, D* =T,
and E* = T,. The other case, (5D.3a), is similar. We denote the trajectories which T,
T,, T, and T, correspond to as C(z, b,), E(z, 6,), D({, 6,) and E(z, 8,), respectively.
Let a(z) equal the union of the curves E(z, 6,) and E(z, ,), together with the point
E. Let B(z) be the union of the curves C(z,6,) and D(z, §,), and the closed line
interval connecting the points C and D. The assumption that { E*} interlaces
{C*, D*} implies that a(z) and B(z) must intersect. Since F(U) < F(E) for
U € (C, D), (1.6) implies that a(z) cannot intersect the line segment connecting c
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and D. However, a(z) clearly cannot intersect C(z, 6,) or D(z, 8,), so the proof is
complete.
The proof of the following proposition is quite similar to the one just given.

PROPOSITION 5D.2. Let S = (A, B)\ { B}. Then { B} does not interlace S in.</.
Finally, the following result is of interest.

PROPOSITION 5D.3. Assume that C € K(A) and D € %. Then there cannot exist
any C = D or D — C connections.

PROOF. If C € K(A) and D € %, then there exists a critical point E which lies
between C and D and satisfies F(E) > max{ F(C), F(D)}. In the proof of Proposi-
tion 2.3 we showed that this implies that there cannot exist any C - Dor D - C
connections.

(E) The map ®. In order to define ® it is necessary to first introduce some more
notation. We assume throughout that F has N critical points and &/ is the array
given by (5D.1) or (5D.2). Recall that an array consists of a top and a bottom list of
integers. Whenever we just write one list of integers it will always denote the top of
the array, with the understanding that the bottom list is empty. Using the represen-
tation (5D.2) for &/ we set

(SE.1) B(£)=TT,  T,T, 1Ty - Ty
Recall that Yy = {0,1,2,...,N}. If M is any subset of Y,, we define M * =/ to be
the array obtained by deleting from .2/ those elements not in M.

Suppose that S is any set of n distinct positive integers. Say S = {5y, $5,...,5,}
We denote by p the unique function which maps S onto {1,...,n} such that
p(s;) < p(s;)if and only if 5; < s;. If &/ is the array given in (5D.1) we set

bast= p(T)e(Ty) -+~ o(T,)
p(B,)p(B,) - p(B,)
We first consider the case when there exists a critical point C such that C < 4 and
F(C) > F(B). This was referred to as “case 1” in the previous section. Recall that,

in this case, I'(4, B) = G, where n is the cardinality of the set K(A, B). The map
®,: Yy, — Y, is defined by

(SE.2) ®,(k) = {p(k) ifk ?(A,B),
0 otherwise.

We define ® (/) in two steps. First let

(5E.3) O (L) =p*%(4, B)*B().

Suppose that

(5E.4) (L) =12z, 2,,.

It follows from Proposition 5D.2 that either z;, = z,, = n, or there exists an integer

k such that z, =z, ,, =n. If z, = z,, = n, then let A, be the identity map and
define @ by

(5E.5a) ®(L)=A*0,() =0, ().
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Otherwise, define A, and @ by

(5E.5b) () =A@ () =2,,12000 0 22,0125 7 24

In either case, it will sometimes be ccnvenient to reindex and write ® (/) as
(SE.6) (L) =My My

Note that (&) € G,

It remains to define ® on the edges. Suppose that e € E(&). If e = o/ we set
®(e) = ®(). So suppose that e corresponds to a C — D connection. That is,
O(e) = (C*, D*). If C* & ¥(A, B) or D* & €(A, B), we set ®(e) = d(). If
{C*, D*} C ¥(A, B) we claim that there exists an edge f€ E(®(%)) which
corresponds to a ®(C*) —» ®(D*) connection. To see why this is true, we use the
representation (5D.2) for o/. There must exist an integer j such that C* = T, and
D* = T, ,. Certainly the same is true in (SE.1). Since { C*, D*} C €(4, B), (A, B)
eliminates these integers of B(%) not in ¥(A4, B), and p simply renumbers the
integers of the array, we find that there must exist an integer / such that, in (SE.4),
z, = p(C*) = ®(C*) and z,,, = p(D*) = ®(D*). Finally, recalling how (5E.6) was
obtained from (SE.4) we find that there exists an integer r such that n, = ®(C*) and
M., = ®(D*). This implies what we claimed; that is, there exists an edge f €
E(® (%)) which corresponds to a ®(C*) = ®*(D*) connection. We now set ®(e)
= f.

We now consider case 2, assuming that there does not exist a critical point C such
that C < A4 and F(C)> F(B). Recall that in this case T'(4, B) = Gg 4 p). As
before, we assume that the cardinality of the set (A, B)isn. The map ®,: Y, — Y,
is again defined by (SE.2). Let ®,(.%7) be the array given by (5E.3) and (SE.4). We
now show that there exists an integer k such that k < 2n and z, = z, ., = n. From
Proposition 5D.2, the only other possibility is that z; = z,, = n. We show that it is
impossible for z,, = n. Choose C so that C < B and F(C) > F(D) for all D < B.
By assumption F(C) < F(B). Note that C € K(A4, B). Now (1.6) implies
that Cg,,(z, 8) never intersects the U-axis for all 6. Since C < B, this implies that on
the bottom of the array, there cannot be a B* to the left of the C* which
corresponds to Cgy/(z, 8), for any 6. This means that in ®,(%/), the ®,(C*) which
corresponds to Cg,(z, 8) lies to the right of both of the ®,(B*). Since ®,(B*) = n,
we obtain the desired conclusion that z, = z, ., = n for some k < 2n. We now
define A, and ® by

2129 0 2y

(5E.7) O(F)=A,+d, ()= —2 .
Zon """ Zk+2%k+1

It remains to define ® on the edges. Suppose that e € EX(&). If e = o/ we let
®(e) = (®()). So suppose that e corresponds to a C — D connection. If C* &
€(A, B)or D* & %(A, B), we let ®(e) = ®(). If {C*, D*} C €(A4, B), a proof
very similar to the one given for case 1 shows that there exists an edge f € E(®(%))
which corresponds to a ®(C*) - ®(D*) connection. We now set ®(e) = f.

(F) Proof that ® is an LDG homomorphism from G into T'(A, B). The only
condition of Definition SB.1 which ® does not trivially satisfy is (B). So suppose that




DIRECTED GRAPHS AND TRAVELING WAVES 837

e € E(&) corresponds to a C — D connection. We distinguish the two C*’s and
two D¥s in &by C,, C,, D, and D,, respectively. Assume that e corresponds to a
C, — D, connection.

We first consider the map B. Using the representation (5D.2) for /it follows that
there exists an integer k such that C, = T, and D, = T,,,. We suppose that
D, = T,. Clearly the same is true for (/). Hence, it makes sense to say that there
is an edge e, € E(B(%)) which corresponds to a C; — D, connection. We claim
that

(5F.1) Blexol) =e +B().
To prove this note that the only possible difference between (e * &) and e, * B(%)

is the position of the C;. This is because the only entry which changes when applying
e or e, is the C,. However, in both cases C; is moved to the immediate right of the

D,.
2We next consider the map €(A, B). We shall consider the three cases:
(5F.2a) C, & %(4, B),
(5F.2b) C, € %(4, B), D, € ¥(4, B),
(5F.2¢) C,€ ¢(4, B), D, & %(4, B).
If (5F.2a) is satisfied, we claim that
(5F.3a) %(A,B)*B(L)=%(A,B)*B(ex ).

As before, we need only consider the position of C,, because it is the only entry
whose position changes. However, since C; € € (4, B), it does not appear in either
@(A, B)* B(L)or (A, B)*B(e* ).

Now suppose that (5F.2b) is satisfied. Recall that in B(%), C, is on the
immediate left of D,. The same is true in the array (A, B)* B() since {C,, D;}
C ¥(A, B). Hence, it makes sense to say that there is an edge e, €
E(%(A, B)* B(%)) which corresponds to a C, — D, connection. Note that

(5F.3b) €(A,B)*B(e*x ) =e,*B(A, B)*B(H).
This is because in both cases C, is on the immediate right of D,.

Finally suppose that (5F.2¢) is satisfied. Recall that D, = T, ., and D, = T,. If
j < k + 1, then B(%) has the form

(5F.4) B(«) = aD,yC,D,é.
Here a, y and § are lists of integers. Note that
(5F.5) B(ex o) =ex(B()) = aD,C,yD,d.

Let o = ¥(A, B)*a, Y = 9(A, B)*y and 8’ = €(A, B)* 8. From Proposition
5D.1 it follows that a’ and 8’ are empty. Since C; € ¥(4, B) and D, & ¥(4, B) it
follows that

(5F.6) %(A4, B)*B(~) =vC,,
while
(5F.7) %(A,B)*B(e*x ) = Cpy'.
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If Kk + 1 <, then B() has the form

(5F.8) B(s/) = «C,D,yD,8,
where, as before, a, y and & are lists of integers. Then
(5F.9) Blex o) =ex(B()) = aD;yD,C)3.

Letting o, ¥’ and 8’ be as before, we conclude from Proposition 5D.1 that y’ is
empty. Hence,

(5F.10) (A, B)*B() = a'C,¥,
while
(5F.11) (A, B)*B(e* ) = o'C}8.

Note that if k + 1 <, then €(A4, B)*B() = %(A, B)*B(e * ). This is not
trueif j < k + 1.

We now consider the map p. It is again necessary to consider the three cases
shown in (5F.2). Recall that ® (&) = p* (A, B)* B(). If (5F.2a) is satisfied,
then (5F.3a) holds. Since p is order preserving it is clear that in this case
(5F.12) O (L)=9,(ex).

Next suppose that (SF.2b) holds. Then C; is to the immediate left of D, in the array
% (A, B)* (). Therefore, p(C,) is to the immediate left of p(D;) in @, ().

Hence there exists an edge e; € E(®,(%)) which corresponds to a p(C;) — p(D,)
connection. From (5F.3b) it follows that

(5F.13) O (exl)=e;x®, ().

Finally, suppose that (5F.2c) holds. Let a = p(a’), g = p(y’) and d = p(8’). If
J < k + 1, then (5F.6) implies that

(5F.14) ®,()=go(C)),

while (5F.7) implies that

(5F.15) P, (ex o) =p(C))g.

If j > k + 1, then (5F.10) and (SF.11) imply that

(5F.16) @ () =0,(exZ)=ap(C,)d.

In order to complete the proof that ® is an LDG homomorphism from G into
I'(A, B), we must consider the maps A; and A,. We shall consider the three cases
(5F.2a)—(5F.2c) separately. First suppose that (SF.2a) holds. Applying A; or A, to
both sides of (5F.12) it follows that ®(.«7) = ®(e * /). Since in this case ®(e) =
® (%), we obtain the desired result, ®(e)* ¢ (L) = ®(e * ).

Next suppose that (5F.2b) holds. Then (5F.13) is true. To show that ®(e * &) =
®(e)* ®(7) we need only verify that p(C,) is in the same position in both arrays.
For case 1, p(C,) will be on the immediate right of p(D,) in both arrays. This is also
true in case 2 if p(D,) is on the top side of ®(e * &Z) or D(e)* ®(). If p(D,) is on
the bottom side of ®(e * &) or ®(e)* (), then p(C,) will be on the immediate
left of p(D,) in both arrays.
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Now, suppose that (5F.2c) holds. We first assume that j > k + 1. Then (5F.16)
holds. That is, ®,(%/) = ®,(e * ). Applying A, or A, to both sides of this identity
we find that ®(/) = ®(e * ). Since P(e) = () we conclude that ®(e * ) =
D(e)* ().

Finally, suppose that (SF.2c) holds and j < k + 1. We first consider case 1.
Suppose that g = g;g, - - - g,- The sentence between (SE.4) and (5E.5a) implies that
either g, = p(C,) = n, or there exists an integer i such that g, = g, , = n. First
assume the latter. Then (5F.14) and the definition of A, imply that

(L) = 811842 &P(C1)81 - - 8-
Since ®(e) = ®() we conclude that

(I)(e)*d)(M) =8i+1 """ grp(cl)gl cc 8-

Using (5F.15) we conclude that ®(e * &) = ®(e)* ®(). If g, = p(C;) = n, then
(5F.14) and (5F.15) imply that

P(e* /) =0(e)*®() = ng,g; - gn.

To complete the proof that ® is an LDG homomorphism from G into I'(4, B)
we show that it is impossible to have case 2 together with (5F.2c), j < k + 1. To
prove this, choose E < B so that F(E)> F(U) for all U < B. By definition,
E € K(A, B). Note that Eg,(z, ) can never cross the U-axis. This follows from
(1.6) and the fact that F(U) < F(E) for all U < E. Since we are in case 2 and
D & K(A, B), it follows that D > B > E. Therefore, if, for some 6, D, (z, §) or
Dg,, (2, 8) leaves through the bottom side of £, it must necessarily cross to the right
of Eg,,(z, 8). Let E, be the entry in &/ which corresponds to Es,, (z, ). We conclude
that E;, € 8 where § is as in (SF.4). If this were true, however, then (5F.4) would
imply that { D*} interlaces {C*, E*} in.&/. That is, { D*} interlaces { #(A4, B)} in
& . Proposition 5D.1 gives the desired contradiction.

(G) Proof that ® is an LDG homomorphism from G onto I'(A, B). We begin by
verifying Definition 5B.2(B). Let y be a node in I'(A4, B) and f € E(y). Assume that
® () = y. Furthermore, assume that f corresponds to a C — D connection. Let
C* = ®'(C) and D* = ®~'(D). We consider a number of cases depending on the
relationship between C* and D* in the array &. We assume throughout that &/ is
written as in (5D.2), with C* = T, and D* = T,. The following six cases describe all
the possible ways for ®(7) = y:

(5G.1la) j<k<m,andT, & ¥(A,B) forj<i<k,

(5G.1b) m+1<j<k,andT, & 4(A,B) forj<i<k,

(5Gic) j<m<k,andT, & ¥(A,B) forj<i<k,

(5G.1d) k<sm<j,andT, & ¢(A4,B) ifl<i<korj<i<2N,
(5G.1e) k<j<m,andT & ¢(A4,B) ifj<i<2Norl<i<k,
(5G.1f) m+1<k<j,andT & ¥(4,B) ifj<i<2Norl<i<k.

Since two entries in 2/ equal C* and two equal D*, we assume that T, = C; and
T, = D,. This will allow us to distinguish the C* and D* of interest.
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Suppose that (5G.1a) holds. We wish to prove that there exists a finite sequence of
connections, all of which are mapped by  to y, followed by a C; — D, connection.
Of course, if k = j + 1, then there is nothing to prove, so we assume that k > j + 1.
Choose /so thatj </ < k,C; < Tjand C; > T, forj < i < /. We assume that / # k.
The other case will be treated shortly. Consider the sequence of connections

(5G.2) T, =TTy~ T Ty > T,

Note that all of the edges corresponding to these connections are mapped to y. Now
T, = T, for some p # /. From the definition of / it is clear that p & (j, /). Hence,
after the sequence of connections shown in (5G.2) we find that C, is on the
immediate left of 7). Since T, € (A, B), Proposition 5D.3 implies that T, € €(&Z).
Proposition 5D.1 then implies that p € (/, k). We then take the C, — T, connection.
After this connection C, is still to the left of D,. There is still no element of (A, B)
between C, and D,. However, the number of integers which lie between C, and D,
has decreased by at least two. Continuing this process we eventually arrive at an
array of the form

s Clgay - a Dy e

5

The dots denote integers in the array. Each a; satisfies a; < C,. We then take the
sequence of connections

(5G.3) a, > D,a,_, = Dy,...,0; = Dy.

We can then take the desired C;, — D, connection.

The proof for case (5G.1b) is quite similar to the one just given. Now assume that
(5G.1¢) is satisfied. Let E be the critical point which satisfies £ > B and F(E) >
F(U) for all U > B. Then Eyg(z,8) never crosses the U-axis for any value of 6.
This, together with Proposition 5D.1 implies that there exist integers r and s such
that E¥ =T, =T, j<r<mandm + 1 < s < k. The proof now proceeds as in the
preceding cases. The existence of E guarantees that eventually we can push C, to the
bottom side of the array, after which we are in the situation of case (5G.1b).

Next assume that (5G.1d) holds. For case one, when there exists a critical point ¢
with C < 4 and F(C) > F(A), the proof is quite similar to the one just given. One
proves that there exists a critical point E and integers » and s such that E < 4,
F(E)> F(B), E*=T,=T,j<r<2Nand1 <s < k. We are then able to push
C, to the top of the array so we are in the situation of (5G.1a).

Now assume that (5G.1d) holds and we are in case two. Choose r and s so that
r < sand T, = T, = B*. From Proposition 5D.2 it follows that k < r < s <. If this
is true, however, it is impossible for ®(C,) and ®(D,) to be adjacent integers in y.
Hence, (5G.1d) is impossible for case two.

A similar proof shows that (5G.1e) and (5G.1f) are impossible for case two. The
proof for case one is similar to the preceding proofs. If (5G.1e) holds for case one,
then one shows there exists critical points E, and E,, and integers r,, s,, 7, and s,
such that E¥ =T, =T,, E¥=T,=1T,, E, > B, E, <A, E} > B*, EX > B*,

j<r<m m+1<s, <s,<2Nand 1 <r,<k. This implies that we can push
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C, in a clockwise fashion around the array until we are in the situation described by
(5G.1a). A similar analysis works if (5G.1f) holds.

To complete the proof that ® is an LDG homomorphism from G onto I'(4, B)
we show that a generator of G is mapped to a generator of I'(A4, B). We may then
apply Lemma 5B.2. There is no problem for case two, when I'(4, B) = G(4, B).
For case one, I'(4, B) = G,. We prove that every node in G, is a generator for G,,.
This is done by induction on n. The result is clearly true for n = 2, since there is
only one node in G,. Now assume the result is true for G,_,, and let «Zand % be two
arrays in G,. We must prove that there exists a path from .«/to %. Suppose that

&=nAA, -+ A,,_,n and #=nBB, -+ B,,_,n.

A proof similar to the proof of Proposition 5D.1 shows that {n — 1} does not
interlace {1,...,n — 2} in either &Zor %#. Hence, either 4, = 4,,_, = n — 1, or there
exists an integer j such that 4, = 4,,, = n — 1. Similarly, either B, = B,, , =n —
1, or there exists an integer k such that B, = B, ,; = n — 1. Suppose that there
exists an integer j such that 4, = 4,,, = n — 1. Consider the path P, consisting of
the series of connections

Ay 2N, Ay, 320, A, >n, A, > n.

Then P, * o/ has the form
Pixo/=nn-1---n-1n.

IfAd, =A4,, ,=n—1weset P, x &= .1f B, = B,,_, = n — 1 we use induction
to conclude that there exists a path P, such that P, *(P, * &) = %. If not, we use
induction to conclude that there exists a path P, such that

Pyx(Py*)=nn—1B,,,B;,3 - By, ,B,B,--- B,_yn—1n.
Now let P; be the path consisting of the connections
n—1-n,B,_,—>n,B,_,—>n,...,B, - n.

We then have Py * (P, (P * ) = &

(H) Proof that ®(Pr) is an admissible path in T'(A, B). We use the same notation
as in the previous section. That is, y is anode in I'(4, B), f € E( y) and ®(&) =
Furthermore f corresponds to a C — D connection. Let C* = ®~'(C) and D* =

® (D). As before, Zis given by (5D.2). We assume that C* = T, and D* = T,. Of
course, two entries in .2/ equal C* and two equal D*. Here T, and Tk are equal to the
entries which are mapped to the € and D of the ¢ —» D connectron Assume that &/
is the array associated with the phase plane determined by (1.3) with speed 6,. We
must show that there exists a C — D connection for some speed 6 < 6. The proof is
broken up into the six cases shown in (5G.1a)-(5G.1f).

First assume that (5G.la) holds. The proof is quite similar to the proof of
Proposition 2.1 given in subsection 1(D). Let P. and P, be the points on the

<

boundary of # corresponding to 7; and T,. We denote the trajectories on which P,
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and P, lie by C(z) and D(z), respectively. As in the proof of Proposition 2.1 we
consider the eight cases:

(5H.1a) C<D, C(z)=Cyg(z,8)), D(z)= Dyg(z,8,),
(5H.1b) C <D, C(z) = Cgy(2,8,), D(z)= Dyg(z,8,),
(5H.1¢) C<D, C(z)=Cung(z,8)), D(z)= Dgy(z,8,),
(5H.1d) C<D, C(C(z)=Csyl(z,8,), D(z)= Dgy(z,8,),
(5H.1e) C>D, C(z)=Cyp(z,0)), D(z)= Dyg(z,86,),
(5H.1f) C>D, C(z) = Cgy(2,8,), D(z)= Dy.(z,8,),
(H1g)  C>D, C(z)=Cylz.8). D(z)=Dgy,(z.6)),
(5H.1h) C>D, C(z)=Csy(z2,8,), D(z)= Dg,(z,8,).
For the time being we assume that (5H.1a) holds. As in the proof of Proposition 2.1,

we follow C(z) and D(z) backwards from P, and P, and find that there exists a
verticle line /, given by U = P, for some P, and numbers y, and y, such that:

(5H.2a) Y.>v,> 0,

(5H.2b) C(z) crosses/at(P,v,),
Dy (z,0,) crosses lat (P, v,),

and

(5H.2¢) C(z) and Dy, (z, 6,) do not cross /

at any other value between v, and v,.

For 6 > 0, let C(z,0) = Cyg(z,8), D(z,8) = Dyy(z,8) and D(z,8) = Dy, (z, 8).
For @ sufficiently close to 6, we define functions y.(8) and y,(d) to be the V
coordinate of the places where C(z, ) and D(z, 6) cross 1. Proposition 2.1 was
proved by showing that if 4, is chosen so that 8§, < 6, and no C — D connections
exist for § € (4,, ,), then y.(8) and v,(8) can be chosen to be continuous functions
for 8 € (6,, 8,). Unfortunately, this may not be true now. We claim, however, that if
no C — D connection exists for 8 € (8,, 6,), then, for 6 € (6,, §,), y.(0) and v,(8)
can be chosen so that (5H.2a)-(5H.2c) hold with vy, replaced by y.(6#) and v,
replaced by v,(8).

Assume throughout that no C — D connection exists for § € (6, §,). There is no
problem in showing that y,(8) is continuous in (6,, 6,). Before discussing what may
happen to y,.(8) we introduce some more notation. Suppose, for the moment, that
v.(8) is continuous for 8 € (8,, ;). For 8 € (6,, 6,) choose z,(8), z,(8), z3(8) and
2,(0) so that

C(zl(a)’a) = (P, Yt»(o))» C(22(0),0) =P,
D(z,(6),6) = (P,v,(0)) and D(z,(6),6) =P,
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Here P, and P, denote the points on the boundary of P where C(z, §) and D(z, 8)
first leave 2. Let 1(8) be the portion of / with v.(8) < V < v,(8). Let K(8) be the
union of the curves

C(z(6),0) forz,(0) <
D(z(6),8) forz,(8) <
D(z(6),0) for- <z
1(9).

Then K (8) divides Z into two parts which we denote by R,(#) and R,(8). Let B,(8)
and B,(0) be the portions of the boundary of # which lie in the closure of R,(6) and
R,(8), respectively. We assume that R,(#) is the region which satisfies the property
that a trajectory which crosses /(6) must thereafter remain in R,(8) until it crosses
B,(0). Note that the converse is also true. That is, if a trajectory leaves % through
B,(8), then it must have crossed i(9).

Now assume that y (8) is continuous for § € (6,, 8,), but discontinuous at § = 4,.
Then there exists a C — E connection with speed 6, for some critical point E. Of
course, this connection involves Cy(z, 8,), as opposed to C,,(z, 6,). Let v.(0,) =
limy_ g v.(0). From Lemma 3E.1 it follows that this limit exists. Since v.(0) is
discontinuous at § = 6,, (P,v.(0,)) lies on either Ey.(z,60,) or Eg,(z,6,), as
opposed to Ey (2, 6,) or Egg(z, 8;). Assume that the unstable trajectory on which
(P, v.(8))) lies is Eg, (z, 8,). The other case is similar. From the proof of Proposi-
tion 2.2, we conclude that there exists a 8 > 0 such that, for 8, <8 <6, + 9,
E, (z,0) crosses I(8). Hence, Egy(z, 0) leaves Z through B,(6). From the proof of
Proposition 2.3 we conclude that for 8 less than, but close to 8, C(z, #) lies as close
as we wish to E, (z, 8). We claim that for § greater than, but close to 8,, Ey.(z, 8)
crosses 1(9).

The first step in proving this is to show that E* > D*. Note that E* > C*. This is
because there exists a C — E connection. Suppose that E* < D*. Choose 8, equal to
the supremum of all values of 8 for which § < 6,, and there exists a critical point M
which satisfies

(a) C* < M* < D*, and

(b) either M, .(z, 8) or Mg, (z, 8) leaves # through B,(8).

By assumptions, 8, < 8, < §,. Since 8, # §,, there must exist an M — Q connection
with speed 6, for some other critical point Q. Now there exists a §, > 0 such that,
for 8, < 6§ < 0, + 8,, one of the unstable trajectories from M, say M(z, §), leaves #
through B,, while for 8, — 8, < 8 < 0,, M(z, 8) leaves % through B,. Propositions
2.2 and 2.3 imply that, for § = 0,, one of the unstable trajectories from Q leaves #
through B;, while the other leaves # through B,. Hence { Q*} interlaces { C*, D*}
for the array with speed §,. From Proposition 5D.1 we conclude that C* < Q* < D*.
This, however, contradicts the way 8, and M were chosen.

Having shown that E* > D* and Eg, (z, ) leaves % through B, for 6 € (6,, 0, +
), we can apply Proposition 5D.1 to conclude that E, (z, 0) leaves # through B,
for 6 € (8,, 0, + 8). Therefore, Ey.(z,8) crosses i(8) for 6 € (6,,0, + 8). By
choosing § sufficiently small we may assume that C(z, @) is as close as we please to

z < 2,(0),
z < o0,
< z,(0), and
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Eni(z,8)) for 8, — 8 < 8 < 6,. Therefore, C(z, 8) must cross /(8,) for 6, — 8 < 8
< 6,. That is, y.(f) can be chosen so that y.(6) > y,(8) for 8, — 8 < 6 < 8,. This
completes the proof that if no C — D connection exists for § € (6,, 6,), then v.(6)
and y,(@) can be chosen so that (SH.2) is satisfied with y, and vy, replaced by v.(8)
and v,(8), respectively.

What we have shown is that, in some sense, as long as no C = D connection
exists, Cyg(z, 8) lies above D, (z, §). However, using the fact that C* < D*, we
find that C,c(z, 0) lies below D, (z,0). This shooting argument completes the proof
of the theorem for the case when (5G.1a) and (5H.1a) hold.

Still assuming that (5G.1a) holds, we only say a few words about the proofs for
the other cases shown in (SH.1). The proof for cases (SH.1b), (SH.1g) and (5H.1h)
are quite similar to the one just given. Just as in the proof of Proposition 2.1, one
shows that cases (SH.1c)—(5H.1f) are impossible.

We must still consider the other cases shown in (5G.1a)-(5G.1f). However, the
proofs for these cases are really no different than the one just given. The reason is
that the main assumption used about the array &7in the preceding proof is that if we
start at 7; and move in the clockwise direction around the array until we reach T,
then every integer we pass is not in €(A4, B). This is true for every case shown in
(5G.1a)-(5G.1f).

6. Conclusions. We now demonstrate how the directed graphs are used to
determine how many connections exist between two fixed critical points. Given 4
and B, with F(A) < F(B), the results discuss whether there must exist zero, exactly
one, a finite number, or an infinite number of 4 — B connections. One trivial result,
which was proved earlier, is that if there exists a critical point C which lies between
A and B, and F(C) > F(B), then there cannot exist any 4 — B connections. So we
assume throughout this section that such a critical point C does not exist. For
convenience we assume that 4 < B.

We first assume that there does exist a critical point D such that D < 4 and
F(D) > F(B). This was referred to as case one earlier. Recall that in this case
I'(A4, B) = G,, where n = |[K(A, B)|. We prove that if n = 2 or n = 3, then there
must exist an infinite number of 4 — B connections.

If n = 2, then I'(A4, B) = G, which is shown in Figure 12. According to Theorem
5C.1 there exists an LDG homomorphism from G, onto G,. Note that ®(4*) =1
and ®(B*) = 2. To prove that there exists an infinite number of A — B connections,
it suffices to prove that ®( P), the image of the path corresponding to F, contains
an infinite number of 1 — 2 connections. This is clear, however, because G, consists
of only one node and one edge which begins and ends at that node. Because ®( P,)
is admissible, it is forced to keep going around the loop an infinite number of times.

Now suppose that n = 3. Suppose that K(A4, B) = { 4, C, B}. Then there exists a
graph homomorphism ® from G, onto G, such that ®(A4*) =1, ®(C*) =2 and
®(B*) = 3. It follows that there exists an infinite number of A — B connections, if
we can show that the path ®(P) contains an infinite number of 1 — 3 connections.
Since |K(C, B)| = 2, ®(P) must contain an infinite number of 2 — 3 connections.
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Considering Figure 12 this implies that ®(P;) must be at the node 321123 or the
node 322113 an infinite number of times. If ®(P,) is at the node 321123, then,
because ®( Pr) is admissible and a 2 — 3 edge branches from 321123, ®( Pr) must
be at 322113 an infinite number of times. Since a 1 — 3 connection branches from
322113, we conclude that ®( P) contains an infinite number of 1 — 3 connections,
the desired result.

It is natural to ask how many 4 — B connections exist when I'(4, B) = G, for
n > 3. We do not know the answer to this question for the following reason.
Suppose that n = 4. In (6.1) we give an example of a subpath in G, which does not
contain any 1 — 4 connections:

(6.1)
42331124 32 4113324 -

2—-4 1-3 2-3
3-4 1-3 2-3
S oamon3e 3D smniose 3 4321134
1-3

1-3 34 24
3P a4 30 asnoe 30 a3me o

Note that the first and last arrays shown are the same. If we keep repeating the
subpath shown, then the resulting path contains an infinite number of 3 — 4,2 — 4,
2 > 3,1 - 3 and 1 — 2 connections. By writing out the entire graph G,, we find
that (6.1) gives an admissible path in G,. This seems to imply that there may not
exist any A — B connections if I'(4, B) = G,. However, we do not know if there
actually is a function F such that the path corresponding to F is the one shown in
(6.1). Note that it is also possible, in fact easier, to construct admissible paths in G,
for which there exists an infinite number of 1 — 4 connections.

We now assume that if C < A4, then F(C) < F(B). We first show that if there
does not exist C such that 4 < C < B and F(C) > F(A), then there must exist at
least one A — B connection. Suppose that 7 is the generator of G, and

T\T, --- T,

n

‘1’(71)= BB, --- B,’

The assumption that there does not exist a C such that 4 < C < Band F(C) > F(A)
implies that there exists an integer k such that ®(4*) = T, and ®(B*) = T}, ,. Since
®(P) is admissible it must contain a T, — T,,, connection. Hence, P, must
contain an A — B connection. If F(D) < F(A) for all D < A, then the 4 -» B
connection is unique. This is because I'( 4, B) is the graph:

12
12

l1-2
2
112
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If there does exist C such that 4 < C < B and F(C) > F(A), then there may or
may not exist an 4 — B connection. For example, suppose F is as shown in Figure
13(A). The graph corresponding to F is shown in Figure 13(B). From the result just
proved we conclude that there must exist unique 1 — 2 and 2 — 3 connections. The
graph corresponding to F demonstrates that there exists a 1 — 3 connection if and
only if the speed of the 1 — 2 connection is less than the speed of the 2 — 3
connection.

If there does not exist a critical point D such that D < 4 and F(D) > F(A), then,
as we now prove, there can exist at most one A — B connection. The assumption
that F(U) < F(B) for all U < B, and (1.6) implies that Bg,,(z, #) never crosses the
U-axis. It always leaves # through its bottom side. Similarly, Ag, (z, ) always
leaves Z through its bottom side, never crossing the U-axis. Suppose that the array
for some value of @ is given by /(). We also assume that an 4 — B connection
exists with speed §,. For 6, a bit smaller than 6, &/(6) has the form

M(01)= .

- A, - AyB, -+

Here A, corresponds to Ag,(z,8,), A, corresponds to Ayg(z, 8,) and B, corre-
sponds to By, (z, 6,). If we let B be the map defined in the previous section and let
B, correspond to Byg(z, 0,), then B * &/(6,) has the form

B*y(01)= v+ By BjAy - Ay -

Note that, for all §, A, always lies to the right of B,, B, and 4, in B8 * 2/(0).

We wish to show that there cannot exist another 4 — B connection. This is only
possible if A4, is on the immediate left of a B in B/ (8) for some 6 < §,. The only
way A4, can get to the left of one of the B’s is if there exists a D such that, for some
0 < 6,, B* Z(0) has the form

(@) -+ D*B, --- B, --- A,D* --- A, ---,0r

(b) --- B, --- D*B, --- A,D* --- A, ---

In either case, { D*} interlaces { A*}. The proof of Proposition SD.1 shows that this
is impossible.

Now suppose that F(C) < F(B) for all C < B, but there does exist a critical point
D < A such that F(D) > F(A). Then there may exist a finite number of 4 - B
connections. This is illustrated in Figure 6 where one sees that there may exist a
finite number of 1 — 3 connections. To prove that there cannot exist an infinite
number of A — B connections we note that there must exist a D — B connection for

s 123

(A) F(U) (B) |—-‘2/ 123 \\2_.3
23 13

n23 1223

2—=3 | | =3
3 . 3
U 223 |—=p 223
7 1

FIGURE 13
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some positive speed, say 8 = §,. It follows from Proposition 2.4 that there can exist
at most a finite number of 4 — B connections with speed greater than ,. A proof
very similar to the one given in the preceding paragraph implies that there cannot
exist any A — B connections with speed less than §,. Hence, there can exist at most
a finite number of A — B connections.
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